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Abstract
A new canonical transformation is found that enables the direct canonical treatment of the con-
formal factor in general relativity. The resulting formulation significantly simplifies the previously
presented conformal geometrodynamics and provides a further theoretical basis for the conformal
approach to loop quantum gravity.
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I. BACKGROUND
The well-known Arnowitt-Deser-Misner (ADM) canonical variables for general relativity
(GR) consist of the spatial metric gab with the conjugate momentum p
ab. For bookkeeping
purposes we will referred to these variables as the “G-variables”. The dynamical evolution
is generated by the action of the form
∫
dt
∫
d3x
[
pabg˙ab −NH−NaHa
]
(1)
where the over dot denotes a t-derivative, N is the lapse function and Na the shift vector.
This action contains the the momentum (diffeomorphism) constraint:
Ha = −2∇b pba (2)
and the Hamiltonian constraint:
H = µ−1gabcd pabpcd − µR (3)
were µ :=
√
det gab, R is the Ricci scalar of gab and gabcd := (gacgbd + gadgbc − gabgcd)/2. The
Poisson bracket (PB) with respect to the G-variables (gab, p
ab) is denoted by {· , ·}G.
In a recent paper [1] the ADM phase space has been extended to that consisting of York’s
mean curvature “time” variable τ := (4/3)K, where K is the mean extrinsic curvature, with
µ as momentum and conformal metric γab with momentum pi
ab. Based on York’s conformal
decomposition of tensors, a canonical transformation has been found to relate theG-variables
to the “Γ-variables” (γab, pi
ab; τ, µ) via
gab = φ
4γab (4)
pab = φ−4piab − 1
2
φ2µγ γ
abτ (5)
where µγ :=
√
det γab and
φ :=
(
µ
µγ
)1/6
(6)
is the conformal factor. Note that here φ is regarded as a function of the canonical variables
µ and γab. It can be seen from the above relations that a local rescaling of γab and pi
ab while
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holding τ and µ leaves gab, p
ab invariant. This redundancy of the Γ-variables is offset by the
“conformal constraint”:
C = γabpiab (7)
that generates conformal transformations through its PB with respect to the Γ-variables
denoted by {· , ·}Γ. The tensor γab will play the role of the conformal metric, whereas the
original gab will stay as the physical metric.
The ADM diffeomorphism and Hamiltonian constraints then take the following forms:
Ha = −2∇γb piba + µ τ,a + 4(lnφ),a C (8)
H = 1
µ
piabpi
ab − 3
8
τ 2µ− φ2µγRγ + 8µγφ∆γφ+ τ
2
C − 1
2µ
C2. (9)
The indices of piab and piab are raised or lowed by the conformal metric γab and its inverse
γab respectively. Here we have used the Levi-Civita connection ∇γ, scalar curvature Rγ and
Laplacian ∆γ := γ
ab∇γa∇γb, associated with the conformal metric γab.
It is useful to introduce the diffeomorphism constraint Ca for the Γ-variables by
Ca := Ha − 4(lnφ),a C = −2∇γb piba + µ τ,a. (10)
Using the preservation of the PB relations by the canonical transformation from the G- to
Γ-variables, the constraints H, Ca and C can be explicitly shown to be first class [1, 2].
By using the relation
pabg˙ab = −τ µ˙+ piabγ˙ab + 4(lnφ)˙C (11)
the canonical action for GR in the Γ-variables can be written as∫
dt
∫
d3x
[
piabγ˙ab + µ τ˙ −NH−NaCa − Λ C
]
(12)
where Λ is a Lagrange multiplier used to effect weakly vanishing of C. For further background
information on the conformal decomposition in GR, see [1, 2, 3] and references therein.
II. CONFORMAL FACTOR AS A CANONICAL VARIABLE FOR GRAVITY
The structure of H in (9) is quite complicated, with φ being a highly nonlinear expression
given in (6). If a canonical transformation can be found that retains γab as canonical variables
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while turning φ into a canonical variable, then the conformal decomposition for canonical
GR will be greatly simplified. Below we show that this can indeed be done by explicit
construction of new a set of variables satisfying these criteria. To this end, consider the
quantities p˜iab and p˜i given by:
p˜iab := piab − 1
2
φ6µγτγ
ab (13)
p˜i := −6φ5µγτ = −8φ5µγK = 4φ−1gabpab. (14)
From (14) we see that
τ = −1
6
φ−5µ−1γ p˜i. (15)
Using (13) and (15) we have
piab = p˜iab − 1
12
φ p˜i γab. (16)
In terms of these quantities, Eqs. (4) and (5) become simply
gab = φ
4γab (17)
pab = φ−4p˜iab. (18)
It follows that
−τµ˙ = p˜i φ˙− φ6τµ˙γ (19)
and
piabγ˙ab = p˜i
abγ˙ab + φ
6τµ˙γ . (20)
Therefore the relation
piabγ˙ab − τµ˙ = p˜iabγ˙ab + p˜i φ˙ (21)
holds and it shows that the variables (γab, p˜i
ab;φ, p˜i) are canonical. We shall refer to them
as the “Φ-variables” and denote the PB with respect to them by {·, ·}Φ. Using (17), (18)
we see the preservation of the PBs {A,B}G = {A,B}Φ for any A and B depending on
the Φ-variables through the G-variables. In particular, the Dirac algebra for H and Ha is
preserved.
From (16) we see that the conformal constraint C given in (7) becomes
C = γabp˜iab − 1
4
φ p˜i. (22)
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The constraint C generates the conformal transformation in the Φ-variables via the following
PB relations:
{γab(x), C(x′)}Φ = γab(x) δ(x, x′) (23)
{p˜iab(x), C(x′)}Φ = −p˜iab(x) δ(x, x′) (24)
{φ(x), C(x′)}Φ = −1
4
φ(x) δ(x, x′) (25)
{p˜i(x), C(x′)}Φ = 1
4
p˜i(x) δ(x, x′). (26)
From (17) and (18) we see that the physical 3-metric and its momentum are independent of
on p˜i and are conformally invariant:
{gab(x), C(x′)}Φ = 0, {gab(x), φ(x′)}Φ = 0 (27)
{pab(x), C(x′)}Φ = 0, {pab(x), φ(x′)}Φ = 0 (28)
which, along with the preservation of PBs, imply
{H(x), C(x′)}Φ = 0, {H(x), φ(x′)}Φ = 0 (29)
{Ha(x), C(x′)}Φ = 0, {Ha(x), φ(x′)}Φ = 0. (30)
It follows that H,Ha, C form a set of first class constraints. To construct the explicit ex-
pressions of H and Ha in the Φ-variables, substitute (17), (18) and (22) into (2) to get
Ha = −2∇γb p˜iba + p˜i φ,a + 4(lnφ),a C (31)
and substitute (17), (18) into (3) to get
H = φ−6µ−1γ γabcd p˜iabp˜icd − φ2µγRγ + 8µγφ∆γφ (32)
where γabcd := (γacγbd + γadγbc − γabγcd)/2. As with the Γ-variables, it is useful to introduce
the diffeomorphism constraint in the Φ-variables as
Ca = Ha − 4(lnφ),a C = −2∇γb p˜iba + p˜i φ,a (33)
and adopt ∫
dt
∫
d3x
[
p˜iabγ˙ab + p˜i φ˙−NH−NaCa − Λ C
]
(34)
as the canonical action for GR in the Φ-variables.
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It follows from the Dirac algebra for the original ADM constraints that the complete set
of independent constraints {C, Ca,H} is indeed first class, satisfying the following algebra:
{C(x), C(x′)}Φ = 0 (35)
{Ca(x), Cb(x′)}Φ = Cb(x) δ,a(x, x′)− (ax↔ bx′) (36)
{Ca(x), C(x′)}Φ = C(x) δ,a(x, x′) (37)
{H(x),H(x′)}Φ = φ−4γab(Ca + 4(lnφ),a C)(x) δ,b(x, x′)− (x↔ x′) (38)
{C(x),H(x′)}Φ = 0 (39)
{Ca(x),H(x′)}Φ = H(x) δ,a(x, x′). (40)
The above new formulation can be applied to simplify the spin-gauge treatment in [1, 2] and
to develop the conformal approach to loop quantum gravity.
Acknowledgments
I would like to thank R. Bingham, S. Carlip, J. T. Mendonc¸a, N. O’Murchadha and J. W.
York for stimulating discussions and the Aberdeen Centre for Applied Dynamics Research
and the CCLRC Centre for Fundamental Physics for financial support.
[1] C. H.-T. Wang, “Conformal geometrodynamics: True degrees of freedom in a truly canonical
structure”, Phys. Rev. D 71, 124026 (2005)
[2] C. H.-T. Wang, “Unambiguous spin-gauge formulation of canonical general relativity with
conformorphism invariance”, Phys. Rev. D 72, 087501 (2005)
[3] C. H.-T. Wang, “Towards conformal loop quantum gravity”, Talk given at the 4th Meeting on
Constrained Dynamics and Quantum Gravity, Cala Gonone, Sardinia, Italy, 12–16 September
2005 (arXiv:gr-qc/0512023)
6
